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INHOMOGENEOUS DISTRIBUTION OF THE 

RADIOACTIVE HEAT SOURCES' 

L. Theory 

by 

C h i  - p e n  W a n g  e 

1. Introduction 

The present data about heat f low over the surface of tL? ear th  have 
been analyzed by Wang (1963) and by Lee and MacDonald (1963). 
analyses were based mainly on data summarized by Lee (1963). 

The 

Early i n  1963 MI?. Joughin helped me t o  arrange the heat-flob data 
on I B M  cards and plot thsm on % global map; I then averaged them o, 'er  
10' X 10' squares and 20 X 20 squares. The averaging processes tend 
t o  bring down the amplitudes of the fluctuations indicated by indiviLua1 
data and t o  smooth out the values. The main r e su l t s  of the analyses are: 
(1) f o r  the 10' X 10' averages, there appears t o  bc: a strong correlation 
between the heat-flow values and some major geological structures;  fo r  

example, very high heat-flow values (2.5 X 10 
tend t o  correlate w i t h  such areas as the western mountainous and plateau 
regions of North America, the East Pacific Rise, the Mid-Atlantic Ridge, 
and the island arc  of the western Pacific Ocean and some ?%her volcanic 
areas; (2 )  fo r  the 20' X 20 averages, there appear t o  be cer ta in  cor- 
re la t ions between the highs and lows of the heat flow and the negative 
and positive geoid heights represented by the low-order spherical  har- 
monics as obtained from s a t e l l i t e  data (Izsak, 1963);  the coefficient 
of correlation was 0.5. 

-6 cal/cm2 sec or above) 

0 

The implication of the second resu l t  is  tha t  under the depressed 
geoid the material may be hot ter  and l igh ter ,  one being related t o  the 
other, and, contrarily, under the elevated geoid the material may be 
cooler and heavier. I explained, qual i ta t ively and tentatively,  the 
correlated phenomena by the convection-current hypothesis, by which the 
ascending currents of l igh ter  and hotter material bring up heat t o  the 
top of the mantle, and higher surface heat flow appears over the 
ascending currents while the gravity i s  lower than i ts  surroundings. 

I This work was supported i n  part by grant NsG 87-60 from the 
National Aeronautics and Space Administration. 

'Physicist, Smithsonian Astrophysical Observatory. 
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Lee and MacDonald (1963) used a l a rge r  amount of data (757 values) 
and represented the heat flow by contours. 
unevenly distributed data, they employed functions which a re  orthogonal 
t o  the  s ta t ion  net. Furthermore, they obtained the spherical harmonic 
coefficients,  corresponding t o  the various representations, up t o  order 
2. 
and the  gravi ta t ional  f i e l d  and suggested t h a t  comection current 
hypothesis may explain the phenomenon. 

I n  dealing with the  very 

They also noticed a rough correlation between the heat-flow f i e l d  

These observed surface thermal and gravitational phenomena do not, 
of course, necessarily indicate motions i n  the mantle; inhomogeneity 
i n  the physical properties of the upper mantle or i n  the material of 
the mantle itself may a l so  be the possible cause for  the correlation 
between the two sets of geophysical data. I n  t h i s  paper I assume tha t  
the inhomogeneous dis t r ibut ion of the heat sources i n  the in t e r io r  i s  
responsible, through thermal conduction, f o r  the f ~ u c t u a t i o n s  of the 
surface heat flow. The i n t e r i o r  temperature so  re la ted  i s  assumed t o  
cause uneven thermal expansion and t o  produce density anomaly, which 
i n  turn causes the gravity anomaly observed on the surface of the ear th .  
The purpose of t h i s  paper i s  t o  forma theory t o  t e s t  whether 
the above assumptions are sound. Numerical resu l t s  w i l l  be given 
i n  a la te r  publication. 

I 
' =7.56 X and S = -6.15 X lom7 i s  plotted i n  f igure  1. 

c2 2. 2,2 

2. New correlation coeff ic ients  

The present correlation i s  based on two sources of data:  (1) Izsak's 

The coefficients i n  the  spherical  
gravitational po ten t i a l  from satel l i te  o rb i t s  (l963b) and (2) Lee and 
MacDomld's heat-flow analysis (1963). 
harmonic expansion of the heat-flow analysis are l i s t e d  i n  t ab le  1. The 
expansion i s  expressed as 

I Furthermore, t o  get a c learer  view of the correlation, we are  more 
interested i n  the variations i n  t h e  heat-flow dis t r ibut ion than i n  the 
vah.es of heat flow themselves. The main spherical  term f i s  therefore 

0, 0 

Since the above harmonic expansion i s  only up t o  the second order, 
I choose, fo r  the purpose of correlation, only the second-order tesseral 
harmonics. The geoid height according t o  the conventional coefficients 
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Table 1 

2 Coefficients i n  Spherical Harmonic Ekpansisn in peal/cm sec 

(from Lee and MacDonald, 1963) 

5' x 5' weighted 
averages 

1 529 

0.039 

0 *059 

0 -057 

-0.036 

-0 075 

0.032 

0.085 

0.038 

45' X 45' weighted 
averages 

1 * 509 

0.152 

0.072 

-0.062 

0.042 

0.029 

0.100 

0.113 

0.052 

Extreme values 
deleted (611 values) 

1.402 

0.025 

-0.006 

0.058 

-0 033 

-0.052 

0.032 

0.048 

0 9 039 
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The large negative values of the linear correlation coefficient 
imply a close re la t ion  between the density perturbations and 
temperature variations i n  the in te r ior  of the earth. The temperature 
variations may resu l t  from inhomogeneous dis t r ibut ion of radioactive 
sources in the inter ior ;  th is  w i l l  be discussed i n  the next section. 

the 

In a recent communication D r .  John A. O'Keefe pointed out that 
the nonhydrostatic components i n  the geopotential should be referred 
t o  the hydrostatic e l l i p so id  (f = 1/299.8) instead of t o  the best- 
f i t t i n g  ell ipsoid.  However, geoid height plotted on the hydmstat ic  
e l l ipso id  shows no correlation t o  the heat-flow dis t r ibut ion.  
tempted t o  think tha t  the nonhydrostatic part of the second-order 
zonal harmonic i n  the geopotential, which is  much larger than the 
other nonhydrostatic COmpOneLItS, i s  mainly the r e su l t  of some mechanism 
other than the temperature variations i n  the earth's in te r ior .  

I am 

3 .  Temtxrature r e s u l t i m  from inhomogeneous dis t r ibut ion of the radio- 
active heat sources 

In  t h i s  section I shall draw some models fo r  the d is t r ibu t ion  of 
the radioactive heat sources i n  the in te r ior  that would give the f luc-  
tuations of surface heat flow through thermal conduction. Our present 
knowledge about the earth's in te r ior  i s  extremely limited. It i s  
therefore necessaryy f o r  the t i m e  being, t o  treat the in te r ior  w i t h  
some much-simplified models. I n  the present treatment, I have assumed 
tha t  the thermal conductivitity K, the thermal d i f fus iv i ty  k, and the 
thermal expansion coefficient a are constants throughout the in t e r io r .  

The temperature Tm resul t ing from a dis t r ibut ion of heat sources 

generating heat a t  a r a t e  A per uni t  volume i s  controlled by the con- 
duction equation 

=re $m i s  tbe source density f'unction. 

of the heat sources, $ 

Owing t o  the radioactive decay 

should be a decreasing function of time, but as m 
uranium, thorium and potassium a l l  have very long half- l ives  (between 

9 0.7 - 4  X 10 
here. 

y e a r s ) ,  the decrease i n  $ is  very slow and may be neglected m 

-8- 



To t ransfer  the above equation into dimensionless fom, assume 

TO = character is t ic  temperature m 

t =  

yo = length 

$0 = 11 source density, 

11 time 0 

11 

m 

and assume 

= T o p ,  t = tot*, r = ro+ and $m = I#'$* . Tm m m  m m  

Equation (1) then becomes 

where 
02 r a = -  

kto  

If a = 1 and p = 1, the above equations give 

ro =O 
and 

-9- 



and we arrive a t  the dimensionless d i f fe ren t ia l  equation 

The heat flow per unit area a t  the ea r th ' s  surface, Fm, i s  given 
o *  

by K S  / b e  
per unit  area, we have 

If F = Fm Fm, where Fo is  the character is t ic  heat flow m m m 

1 

or  

If KTo/roF: = 1, we have m 

0 

* * 
r = a  

u1 - I  

To m =r°Fz/K . 

(7) 

Since we are not interested i n  the spherically symmetric dis t r i -  
bution of e i ther  the temperature, Ts, the source density, $* or the 

heat flow, Fs, but are rather interested i n  the deviations from their  

spherical  terms, l e t  us set 

* 
6' * 

* * * 
S 

* 
7 

S 

* 
Fm = Fs + F 

* 
( 9 )  

* *  
where T , F , $* are the deviations of temperature, heat flow, and 
source density from the i r  spherical dis t r ibut ions.  I n  view of the 
l i nea r i ty  of (6)  we have f ina l ly  

- - -  - $* . *2 T* ar* 
at* 

V 

-10 - 



It is*a reasonable assumption that the present temperature f luc-  
tuation, T , i n  the in te r ior  is  controlled by a pattern of d i s t r ibu t ion  
of the radioactive elements, fixed since the crust and the mantle were 
consolidated. Assuming the age of the oldest rock (3.5 b i l l i on  years) 
t o  be the age of the crust  and the upper mantle, we can se t  t = 0 as  
the time a t  3.5 b i l l i o n  years ago. A t  t = 0, when the pattern of d i s -  
t r ibu t ion  of the radioactive elements was just  fixed, the f luctuat ion 
of temperature caused by t h i s  dis t r ibut ion i s  n i l .  The boundary con- 
d i t i on  of th i s  problem i s  tha t  T* = 0 a t  the surface of the spherical  
earth, r = a, and T* i s  bounded a t  the center of the earth, r = 0 .  

Using the zethod of the Laplace transform defined as 

?(A) = f f ( x )  e - lX dx , 

equation (10) becomes 

w i t h  boundary conditions 
* * 

i ? = O a t r  = a  . 
* * 

T is  bounded a t  r = 0. We have, from the d i f f e ren t i a l  equation (ll), 

where G i s  the Green's function satisfying 

4-t w V G - hG = - &(x-x') 

- 4  

and the same boundary condition. 6( x-x ') i s  the rac de t a  function. 
Assuming that (PA is  the eigenfunction of the d i f f e ren t i a l  equation 

,m,k 

w i t h  the same boundary condition, corresponding t o  the eigenvalue A 
then G may be expressed as the bil inear expansion 

1, k, 

-1L- 



(14) 'j,m,k (2) qA,m,k (2') i 4- 'R,k 
+ - ? 4  G ( x , x  ;A) = - 

1, my k=O 

Hence 

where 

V 

ThUS 

d h  F(23t*) = - 1 vy= At* bA,m,k 'j?,m,k (z) x(x + h 2ni 
v .Lie8 L,m,k=O 4 k) 

i s  a sequence of real ,  posit ive numbers, t he  in t eg ra l  
4 k  

Since h 

has simple poles a t  A = 0 and A = -AR,k .  

cular a r c  on the complex-A plane, centering a t  the or ig in  and lying t o  
the l e f t  of the l ine of integration, tends t o  zero as the radius of 
the a r c  tends t o  in f in i ty .  Cauchy's theorem gives 

The in t eg ra l  along the c i r -  

or, replacing b by t h e  integral expression, we have a,m, k 

-12 - 



In the spherical coordinates, the eigenfunction (pa, m, k, as is  
well known, i s  

where N( a ,m,  k )  i s  the normalizing factor and 1 i s  the k-th root of 
ask 

the a-th order spherical Bessel function of the f i rs t  kind: j,, defined 
8S 

T'e eigenfunction i s  bounded a t  r* = 0 and i s  single-valued f o r  every 
point i n  space. We may then write as 

m e r e  

Formally, we can express $ * (r * /  ,e',V') in the following expansion 

-13- 



* 
we have, after replacing th i s  i n  the expression of T (21) and integrating 

Now 

so 

0 * 
For a certain time t = t = 3.5 b i l l i o n  years, i .e., t = 1, we have 

Now from the analysis of the surface heat-flow dis t r ibut ion,  
F*( 8, T;1) may be expressed i n  the expansion of spherical  harmonics, 
that is, 



By comparing the corresponding coefficients i n  the above two expressions 
for  F*, we arrive a t  

and 

From the above two equations we see that f o r  a given fA,m and gR,m, 

and e are not uniquely 
4m,k  4 m, k 

the solutions for the corresponding d 

determined. 
in tu i t ion  tha t  fo r  a given surface heat flow resul t ing from heat sources 
under the surface, there are inf in i te  ways tha t  the corresponding heat 
sources may dis t r ibute .  We have, therefore, t o  impose a s t r i c t e r  
assumption on the problem before we can get an answer. For example, 
we could assume tha t  the source density $* is  not a function of r*, or 

that it i s  d i r ec t ly  proportional t o  r or  t o  r , e tc .  Since we are  
dealing only w i t h  the departures of the dis t r ibut ion of the heat sources 
from the main spherical term, these considerations may not be far from 
reasonable. 

me1 I. 

This s i tuat ion i s  m a t  can be expected from our physical 

* * 

$* i s  a function independent of r .  

i Set 
f* = L L (pi:: cos m(P + q ( l )  s in  m(P P: (cos e)  . (31) 

R,m 
R=O m=O 

* 
Since $ 
(24) and (31), we have 

can also be expanded i n  the form of (24), by comparing equations 

m 

k=O 
and 

k=O 

-15 - 



The functions j,( Ax) are solutions f o r  the following d i f fe ren t ia l  

equation in the Sturm-Liouville form 

and have r o o t s  A = 0 ;  hence they form an ortho- 

gonal set of functions on the interval  0 < x < 1, w i t h  respect t o  the 

weight function p(x) = x . 
such that j,( 

4 k  

If x = .*/a*, (32) and (33) then give 

Substituting (34) and (35) in to  (29) and (3O), respectively, we get 

1 1 

-16 - 



P4,m and qL,m are  then given by 

The temperature resul t ing from t h i s  d i s t r ibu t ion  of heat sources i s  given 
by ( 24), i n  wbich d are given by (34) and (35). 

A,m,k and e 4 m, k 

In  general, l e t  us write 

3t * where R(r ) i s  any function of  r . 
Model I, we have 

Following the same procedure as f o r  

‘4, pQ’ml m 

-17- 



1 and 

Equations (39) and (40) can be solved e i the r  anaiyt ical ly  or  numerically, 
depending upon the character of the function R(r ) . 
are proposed as follows: 

Some simple models 

Model 11. R ( 3 )  = 6(fl) , 
where 6(r*) = 1 w i t h i n  a cer ta in  spherical  layer i n  the earth, but i s  
equal t o  zero elsemere.  

* 
Model 111. R(r ) =x . 

* 2 Model I V .  R(r ) =x . 
For a l l  the above models, analyt ical  solutions are  found fo r  

equations (39) and (40). 
paper, would indicate m i c h  one of these models i s  most r e a l i s t i c ,  
or how a more r e a l i s t i c  model can be proposed. 

Numerical resu l t s ,  t o  be given i n  a later 

4. Surface-density anomaly and geoid height 

If we write a surface-density anomaly (J t o  represent the accumulation 
of the density anomaly resul t ing from the uneven thermal expansion, we 
have 

where i s  the coefficient of volume thermal expansion. 

This surface-density anomaly, expressed i n  the expansion of spherical  
harmonics, can a l so  be written as 

Q = - 1 1 (2k+1) ( c  cos my + s sin mv) (cos 0 )  . (42) 4 m  J , m  
a=o m=O 

By comparing ( 2 ) ,  (24), (41), and (42), 
terms of d a  and e A  k: 

and are  solved i n  

3 ,  3 ,  

-18- 



The external potential  result ing from the surface-density anomaly 
expressed i n  (42) i s  (Jeffreys, 1959) 

m e r e  G ’ i s  the gravitational constant. 
t o  the above external potential  i s  (Jeffreys, 1959) 

The geoid height corresponding 

a 

where M is  the mass of the ear th .  Or, 

m e r e  ! i s  the mean density of the earth. 
puted has the same order of magnitude as t ha t  i n  figure 1, then the 
assumption that the second-order variation i n  the’gravi ta t iona l  f i e l d  
r e su l t s  from inhomogeneous distribution of radioactive elements i n  the 
in t e r io r  i s  good. 

If the geoid height so com- 
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